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P=D5'D2$%QR'@A>)%*ISN9%

T%NLIL%!"#$%&#'()#U%Q@E)::):%B=VW'#)%C'E=#'7=#8U%+,-.%/'01)2%3245)#6478% N%

•  X='>Y%/Z2)%7#'26F)#%
F(20D=26%71'7%#)>'7)%427)#5'>%
E=(2:'#4)6%

• ,#'A6%'#)%(E4[(47=(6%=2%\]
E47%'#0147)07(#)%

•  X('#:%W#'AA42$%42A(76%(642$%
=07'$=26%^P42L_`%

1: INC R0;    
2: MOV R1, R0;  
3: LSL R1; 
4: SBC R1, R1; 
5: EOR R0, R1; 
6: SUB R0, R1; 
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T%NLIL%!"#$%&#'()#U%Q@E)::):%B=VW'#)%C'E=#'7=#8U%+,-.%/'01)2%3245)#6478% a%

•  ;)8%4:)'Y%&==>)'2%)20=:42$6%=F%6)@'2D06%
•  ?=@A(7)%'E67#'0D=26%=F%'Z2)%#)>'D=26%'2:%
$('#:6%6)A'#'7)>8%(642$%B/-%

1: INC R0;    
2: MOV R1, R0;  
3: LSL R1; 
4: SBC R1, R1; 
5: EOR R0, R1; 
6: SUB R0, R1; 

(127 ≤ r0 ≤ 127)

(−128 ≤ r0 ≤ −2)

(−1 ≤ r0 ≤ 126)

(r0�l = −128 ∧ r0�u = −128)

(r0�l = −r0u − 1 ∧ r0�u = −r0l − 1)

(r0�l = r0l + 1 ∧ r0�u = r0u + 1)

⇒

⇒

⇒



X('#:6%F=#%,#'AA42$%

T%NLIL%!"#$%&#'()#U%Q@E)::):%B=VW'#)%C'E=#'7=#8U%+,-.%/'01)2%3245)#6478% b%

•  ?=264:)#%4267#(0D=2%ADD r0 r1 
•  &==>)'2%)20=:42$%*=(7A(76%'#)%A#4@):9Y%

•  H=#%)R'@A>)U%)2F=#0)%=5)#c=WY%

•  -1)2%%%%%%%%%%01'#'07)#4d)6%=5)#c=W]0'6)%=2>8%

ϕ(c) = (∧7
i=0r0

�[i]⊕ r0[i]⊕ r1[i]⊕ c[i]) ∧ ¬c[0] ∧
(∧6

i=0c[i+ 1] ↔ (r0[i] ∧ r1[i]) ∨ (r0[i] ∧ c1[i]) ∨ (r1[i] ∧ c[i])

ϕ(c)�

ϕ(c)� = ϕ(c) ∧ (¬r0[7] ∧ ¬r1[7] ∧ r0�[7])
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•  X('#:6%'#)%=F%71)%F=#@%
•  %%%%46%01'#'07)#4d):%'6%*64@4>'#%7=%^P=2LM`9Y%
– G7%46%'2%(AA)#%E=(2:%F=#%'28%
– H=#%'28%=71)#%(AA)#%E=(2:%%%%U%W)%1'5)%

•  -1)%fF=#%'28g%@'24F)676%476)>F%42%7)#@6%=F%
(245)#6'>%[('2Dh0'D=2%
– ,1401%46%7#454'>%F=#%?iH%F=#@(>')%
– B4@A>8%67#4j)%=(7%'>>%>47)#'>6%%

±v1 ± v2 ≤ d

±v1 ± v2

d

d� d ≤ d�
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•  B'F)78Y%

•  eAD@'>478Y%

•  -1)2%6=>5)%%%%%%%%%%(642$%B/-%'V)#%[])>4@42'D=2%

•  eE6)#5)%71'7%%%%%427)#'076%W471%%%%7=%4@A=6)%'2%
=AD@'>%E=(2:%

µ = ∀r0 : ∀r1 : ∀d� : ((ϕ ⇒ ±r0± r1 ≤ d�) ⇒ d ≤ d�)

ν = ∀r0 : ∀r1 : (ϕ ⇒ ±r0± r1 ≤ d)

ν ∧ µ

µ ν



&==>)'2%?1'#'07)#4d'D=2%F=#%G27)#5'>6%

T%NLIL%!"#$%&#'()#U%Q@E)::):%B=VW'#)%C'E=#'7=#8U%+,-.%/'01)2%3245)#6478% k%

•  l)#8%64@4>'#%F=#@(>'D=2%F=#%#)>'D=2%E)7W))2%
42A(7]%'2:%=(7A(7]427)#5'>6%*E(7%@=#)%
7)01240'>>8%425=>5):9%

•  />6=%(6)6%7W=]67'$):%F=#@(>'D=2%7=%
– H4#67%01'#'07)#4d)%6'F)%=(7A(7%427)#5'>6%
– /2:%71)2%4@A=6)%=AD@'>478%

•  .=W)5)#U%6D>>%2)):%7=%0=@A(7)%'Z2)%#)>'D=26%



;)8%G:)'Y%/Z2)%?>=6(#)%

T%NLIL%!"#$%&#'()#U%Q@E)::):%B=VW'#)%C'E=#'7=#8U%+,-.%/'01)2%3245)#6478% \%

•  eE7'42%'%6=>(D=2%=F%F=#@(>'%(642$%B/-%
•  +)A#)6)27%6=>(D=2%'6%@'7#4R%

•  /::%:46)[('>478%7=%=E7'42%2)W%6=>(D=26%
•  !=42%W471%A#)54=(6%@'7#4R%

•  /::%:46)[('>478%7=%=E7'42%2)W%6=>(D=26%
•  KKK%
•  Q5)27('>>8%67'E4>4d)6%6420)%:=@'42%46%h247)%



QR'@A>)Y%/Z2)%?>=6(#)%
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•  ?=@A(7)%'Z2)%#)>'D=26%E)7W))2%5'#4'E>)6%dU%
5%'2:%8%

•  ?=(>:%'>6=%E)%=(#%&==>)'2%01'#'07)#4d'D=2%=F%
427)#5'>6%

ϕ =






(¬w[0]) ∧
�
∧6
i=0w[i+ 1] ↔ (v[i]⊕ ∧i−1

j=0v[j])
�

∧
(¬x[0]) ∧�
∧6
i=0x[i+ 1] ↔ (w[i] ∧ x[i]) ∨ (w[i] ∧ y[i]) ∨ (x[i] ∧ y[i])

�
∧�

∧7
i=0z[i] ↔ w[i]⊕ x[i]⊕ y[i]

�
∧

((v[7] ↔ v[6]) ∧ (v[6] ↔ v[5])) ∧ ((y[7] ↔ y[6]) ∧ (y[6] ↔ y[5]))



QR'@A>)Y%/Z2)%?>=6(#)%
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•  I67%6=>(D=2Y%(v = 0, y = 0, z = 2)

�
0 0 0 1

�
�




1 0 0 0
0 1 0 0
0 0 1 2



 =




1 0 0 0
0 1 0 0
0 0 1 2








1 0 0 0
0 1 0 0
0 0 1 2



 �




1 0 0 −1
0 1 0 0
0 0 1 0



 =

�
2 0 −1 −2
0 1 0 0

�
•  N2:%6=>(D=2Y%(v = −1, y = 0, z = 0)

(v = 0, y = 1, z = 3)•  a#:%6=>(D=2Y%
�

2 0 −1 −2
0 1 0 0

�
�




1 0 0 0
0 1 0 1
0 0 1 3



 =
�
2 1 −1 −2

�

•  +)6(>7Y% 2 · v + y − z = −2
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•  /@=(276%7=%>42)'#%A#=$#'@@42$%
•  X45)2%'2%=07'$=2'>%$('#:%%%%%'2:%42A(7%
427)#5'>6%

•  -#)'7%'Z2)%7#'26F)#%F(20D=2%%%%%'6%7'#$)7%
F(20D=2%'2:%@'R4@4d)S@424@4d)%%%%%%6(Em)07%7=%

•  B=>5)%(642$%B4@A>)R%=#%E#'201]'2:]E=(2:%
*#(2D@)%56K%A#)0464=29%

g

i

f

f
g ∧ i
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•  G2A(7Y%
(127 ≤ r0 ≤ 127)

(−128 ≤ r0 ≤ −2)

(−1 ≤ r0 ≤ 126)

(r0�l = −128 ∧ r0�u = −128)

(r0�l = −r0u − 1 ∧ r0�u = −r0l − 1)

(r0�l = r0l + 1 ∧ r0�u = r0u + 1)

⇒

⇒

⇒

r0�l = 0

r0�u = 5

i = (−3 ≤ r0 ≤ 4)

•  B=>542$%71)%7W=%#)@'4242$%>42)'#%A#=$#'@6%
71)2%84)>:6Y%



+)>'7):%,=#j%

T%NLIL%!"#$%&#'()#U%Q@E)::):%B=VW'#)%C'E=#'7=#8U%+,-.%/'01)2%3245)#6478% Ia%

•  ^P42L_`%/K%P42)Y%-1)%e07'$=2%/E67#'07%n=@'42%
*.eB?%NLL_9%

•  ^P=2LM`%nK%P=224'(RY%/(7=@'D0%P=:(>'#%
/E67#'0D=26%F=#%C42)'#%?=267#'4276%*<e<C%NLLM9%

•  ^;BIL`%/K%;42$U%.K%Bo2:)#$''#:Y%/(7=@'D0%
/E67#'0D=2%F=#%?=2$#()20)6%*lP?/G%NLIL9%

•  ^+BpLb`%-K%+)A6U%PK%B'$45U%XK%p=#61Y%B8@E=>40%
G@A>)@)27'D=2%=F%71)%&)67%-#'26F=#@)#%*lP?/G%
NLLb9%
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•  n)#4542$%7#'26F)#%F(20D=26%F=#%E47]5)07=#%
A#=$#'@6%(642$%B/-%

•  ?=@E42'D=2%=F%=07'$=26%'2:%'Z2)%)[('>4D)6%

•  /AA>842$%'%7#'26F)#%F(20D=2%'@=(276%7=%>42)'#%
A#=$#'@@42$%



H(7(#)%,=#j%

T%NLIL%!"#$%&#'()#U%Q@E)::):%B=VW'#)%C'E=#'7=#8U%+,-.%/'01)2%3245)#6478% IJ%

•  eE7'42%)R)0(7'E>)%7#'26F)#%F(20D=26%7=%
:46@466%71)%2)):%F=#%>42)'#%A#=$#'@@42$%

•  -#'26F)#%F(20D=26%F=#%>==A6%
•  /Z2)%#)>'D=26%0=(>:%E)%6(E6D7(7):%W471%
@=#)%)RA#)6645)%:=@'42U%6'8U%A=>82=@4'>6%=F%
E=(2:):%:)$#))%
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-1'2j%8=(%5)#8%@(01q%


